In chemical analysis made by laboratories one has the problem of determining the concentration of a chemical element in a sample. In order to tackle this problem the guide EURACHEM/CITAC recommends the application of the linear calibration model, so implicitly assume that there is no measurement error in the independent variable X. In this work, it is proposed a new calibration model assuming that the independent variable is controlled. This assumption is appropriate in chemical analysis where the process tempting to attain the fixed known value X generates an error and the resulting value is x, which is not an observable. However, observations on its surrogate X are available. A simulation study is carried out in order to verify some properties of the estimators derived for the new model and it is also considered the usual calibration model to compare it with the new approach. Three applications are considered to verify the performance of the new approach.
Introduction
The usual calibration model [1] is commonly used to estimate the concentration X 0 of a chemical species in a test sample. It typically assumes that the independent variable is fixed and it is not subject to error. However, in applications in analytical chemistry this variable is subject to error which arises from the preparation process of a standard solution. In many studies, such as [2] , [3] and [4] , it is attempted to consider the uncertainties due to the preparation process of the standard solutions by application of the error propagation law to the standard error of the estimator of X 0 .
We have that the concentration of the standard solution is pre-fixed by the chemical analyst and a process is carried out attempting to attain it, this process generates errors. Hence, in this case it arises the so called controlled variable [5] , where the controlled variable X is defined by the pre-fixed concentration value of the standard solution which is expressed by the equation X = x + δ, where x is the unobserved variable and δ is the measurement error variable.
In [6] it was proposed the so called homoscedastic controlled calibration model. This model is formulated in the framework of the usual calibration model assuming that the independent variable is a controlled variable and the associated measurement errors have equal variances.
In [7] and [8] , some methods to compute the uncertainties in certain values obtained through measurements are studied. In [8] , the uncertainties of standard solutions are computed and it is observed that these uncertainties depend on the concentration values, so we can observe that the usual calibration model and the homoscedastic controlled calibration model seem not to be the more suitable ones. This problem motivates us to study a calibration model that considers the errors variability of the preparation of standard solutions. In this work we propose a calibration model that incorporates the errors variability arisen from the preparation process of the standard solution and we call it as the heteroscedastic controlled calibration model. This work is a continuation to our previous paper [6] in which it was undertaken the study of the so-called homoscedastic controlled calibration model which assumed equal variance errors.
The paper is organized as follows. In Section 2, we formulate the heteroscedastic controlled calibration model. In Section 3, a simulation study to test the new approach is presented. In Section 4, three applications are considered which show that the proposed model seems to be more adequate. Section 5 presents our concluding remarks. Finally, we present in Appendix A the usual calibration model, and in Appendix 3 some tables showing the results of the simulation study.
The proposed model
Among the relevant problems in chemical analysis is the one related to the estimation of the concentration X 0 of a chemical compound in a given sample. In order to tackle this problem it is used a statistical calibration model, which is defined by a two-step process. This problem has been considered in [9] and [10] .
The first stage of the calibration model is given by data points (X, Y ) which is determined in an experiment where the independent variable X is the one that the experimenter selects. For instance, the concentrations of the standard solutions that a chemist prepares are independent variables since any concentration may be chosen. The dependent variable Y is a measurable property of the independent variable. For example, the dependent variable may be the amount of intensity supplied by the plasma spectrometry method, since the intensity depends on the concentration.
In the second stage of the calibration model it is prepared a suitable sample related to the unknown concentration X 0 in order to obtain the measurements Y 0 .
We have that the standard concentration X is fixed by the analyst and the process of preparation attempting to get it produces an error δ, and the unobserved quantity attained is x. Considering the usual calibration model defined by the equations A.1 and A.2 in the Appendix A and the equation X = x + δ, we define the heteroscedastic controlled calibration model as
It is considered the usual calibration model assumptions (see Appendix A) in addition to the following conditions • δ 1 , δ 2 , · · · , δ n are independent and normally distributed with mean 0.
• the variances σ 2 δ i , (i = 1, · · · , n) are supposed to be known.
Observe that in the model described above we only consider the case when the variances σ
It is a generalization of the homoscedastic controlled calibration model discussed in [6] , when it is considered σ For the heteroscedastic controlled calibration model the logarithm of the likelihood function is given by
where
Solving ∂l/∂α = 0 and ∂l/∂X 0 = 0 one can get the maximum likelihood estimator of α and X 0 given, respectively, byα
From (2.4) and (2.5), it follows that the logarithm of the likelihood function for (α, β, X 0 , σ 2 ǫ ) can be writen as
Making ∂l/∂β = 0, ∂l/∂σ 2 ǫ = 0 in the logarithm of the likelihood function (2.6), we have the following equations
The estimates of β and σ 2 ǫ can be obtained through some iterative method that solves the equations (2.7) and (2.8).
The Fisher expected information I(θ) = I(α, β, X 0 , σ 2 ǫ ) is given by
When k = qn, q ∈ Q + and n → ∞, the estimatorθ is approximately normally distributed with mean θ and variance I(θ) −1 , thus the approximate variance to order n −1 forX 0 is given by
Note that when σ
) is reduced to the variance of the usual model given in (A.5) and when σ
δ (for all i) the expression (2.9) is also reduced to the variance of the homoscedastic model when σ 2 δ is known (see eq. (2.12) of ref. [6] ). In order to construct a confidence interval for X 0 we consider the interval (A.7), whereV (X 0C ) is the estimated variance that follows from (2.9).
Simulation study
We present a simulation study to compare the performance of the estimators obtained from the heteroscedastic controlled calibration model (Proposed-M) with the results obtained by considering the usual model (Usual-M).
It was considered 3000 samples generated from the Proposed-M. In all the samples, the parameters α and β take the values 0.1 and 2, respectively. The range of values for the controlled variable was [0,2]. The fixed values for the controlled variable were x 1 = 0, x i = x i−1 + 2/(n − 1), i = 2, · · · , n, and the parameter values X 0 were 0.01 (extreme inferior value), 0.8 (near to the central value) and 1.9 (extreme superior value). For the first and second stages we consider the sample of sizes n = 5, 20, 100, 5000 and k = 2, 20, 100, 500, respectively. We consider σ 
The empirical mean bias is given by 3000 j=1 (X 0 − X 0 )/3000 and the empirical mean squared error (MSE) is given by 3000 j=1 (X 0 − X 0 ) 2 /3000. The mean estimated variance ofX 0 is given by 3000 j=1V (X 0 )/3000. The theoretical variances ofX 0 is referred to the expressions (A.5) and (2.9) evaluated on the relevant parameter values. In Appendix B it is presented the simulation results.
In Table 1 , we observe that, in general, the bias ofX 0 from the usual model is smaller than the value supplied by the proposed model, but related to the MSE we have that the outcome from usual model is greater compared with MSE of the proposed model. Also, we observe that the mean estimated variance from the proposed model is closer to the theoretical variance as compared to the outcome from the usual model.
Analyzing Table 2 , we observe that the amplitude of the proposed model, in most cases, is smaller when compared with the estimate of the usual model. For all n and X 0 the amplitude from the usual model greatly decreases as the size of k increases, this behavior is being reflected on the covering percentage decreasing to less than 95%. Adopting the correct model we have that when k increases the confidence interval amplitude decreases and the covering percentage increases approaching 95%. 
Application
In this section we illustrate the usefulness of the proposed model by applying it to the data supplied by the chemical laboratory of the "Instituto de Pesquisas Tecnológicas do Estado de São Paulo (IPT)" -Brasil. The outcome from the proposed approach are also compared with the results from the usual model. Our main interest is to estimate the unknown concentration value X 0 of a sample of the chemical elements such as chromium, cadmium and lead. Table 3 below presents the fixed values of concentration for the standard solutions with their related uncertainty (u(X i )) and the corresponding in- Table 2 : Covering percentage (%) and amplitude (A) of the intervals with a 95% confidence level for the parameter X 0 . tensities for the chromium, cadmium and lead elements. The uncertainties considered are computed using the method recommended by the ISOGUM guide (see [11] ) and the intensities are supplied by the plasma spectrometry method. This data is referred to the first stage of the heteroscedastic controlled calibration model. Moreover, Table 4 below presents the intensities of the sample solutions of chromium, cadmium and lead elements. These data are referred to as the second stage of the calibration model.
Observing Tables 3 and 4 we verify that the uncertainty values increase with the concentration values.
We consider σ
The expanded uncertainty U(X 0 ) is obtained multiplying the squared root of the estimate of variance ofX 0 by the value 1.96 (see [2] and [8] ). We use the optim command from R-project program to estimate the parameters β and σ 2 ǫ on the likelihood function of the proposed model (2.6). We use as initial point the estimates fromβ =
2 /n, which are the estimators from the homoscedastic controlled calibration model when σ 2 δ is unknow [6] . Table 5 presents estimates of α, β, X 0 , V (X 0 ) and the expanded uncertainty, U(X 0 ), from the proposed model (Proposed-M) of chromium, cadmium and lead elements. Also, we present the estimates obtained from usual calibration model (Usual-M) to observe the performance of both models.
In Table 5 , for cadmium and lead elements, we observe that the estimates of α, β and X 0 from the Proposed-M and Usual-M are the same. For the chromium element, there are small differences. Also, we observe that for the chromium element there is a small difference between the estimates of X 0 and U(X 0 ) respectively obtained from the usual model and the proposed model. Despite the relevant estimates of α, β and X 0 from both approaches for cadmium and lead element match, the estimates of V (X 0 ) and U(X 0 ) differ considerably, the estimates obtained adopting the usual model is greater than the estimates outcome supplied by the proposed model.
Concluding remarks
The expanded uncertainty of X 0 from the proposed model arises from the errors appearing in the both process, the reading of equipment and the heteroscedastic error in the preparation of standard solutions. We observe that, Table 5 : Estimates of α, β, X 0 , V (X 0 ) and U(X 0 ) related to usual and heteroscedastic model, for the chromium, cadmium and lead element. despite the classical model only considers the error originated from equipment reading, there are some applications in which the expanded uncertainty is greater than the one obtained through the new approach.
Various aspects of the model studied above deserve attention in future research, e.g. it is not considerated the error arisen from the test sample solution preparation, the proposed model can be studied by considering other type of distribution of the errors, such as skew normal distribution [12] . In particular, one of the drawbacks of the usual model is that it does not consider the error in the independent variable, we believe that despite that this error being very small, it must be considered as an important property of the calibration model. We will concentrate on one of the problems described above in a future work.
A Usual calibration model
The first and second stage equations of the usual linear calibration model are given, respectively, by Y i = α + βx i + ǫ i , i = 1, 2 · · · , n, (A.1) Y 0i = α + βX 0 + ǫ i , i = n + 1, n + 2, · · · , n + k.
(A.
2)
It is considered the following assumptions:
• x 1 , x 2 , · · · , x n take fixed values, which are considered as true values.
• ǫ 1 , ǫ 2 , · · · , ǫ n+k are independent and normally distributed with mean 0 and variance σ 2 ǫ . The model parameters are α, β, X 0 and σ 2 ǫ and the main interest is to estimate the quantity X 0 .
The maximum likelihood estimators of the usual calibration model are given byα =Ȳ −βx,β = S xY S xx ,X 0 =Ȳ 0 −α β , (A.3)
The approximation of order n −1 for the variance ofX 0 is given by
In order to construct a confidence interval for X 0 , we consider that ) of the standard normal distribution.
